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GAME COMPLETE ANALYSIS OF BERTRAND DUOPOLY 
 

David CARFÌ 
Faculty of Economics, Department DESMAS 

University of Messina, Italy 
davidcarfi71@yahoo.it 
Emanuele PERRONE 
Faculty of Economics 

University of Messina, Italy 
e_perrone@alice.it  

 
Abstract: 

In this paper we apply the Complete Analysis of Differentiable Games [introduced by D. Carfì in (Carfi 2010), (Carfi 
2009), (Carfi 2009), and (Carfi 2009)] and already employed by himself and others in (Carfi 2011), (Carfi 2010), (Carfi 2009)] 
to the classic Bertrand Duopoly (1883), classic oligopolistic market in which there are two enterprises producing the same 
commodity and selling it in the same market. In this classic model, in a competitive background, the two enterprises employ 
as possible strategies the unit prices of their product, contrary to the Cournot duopoly, in which the enterprises decide to use 
the quantities of the commodity produced as strategies. The main solutions proposed in literature for this kind of duopoly (as 
in the case of Cournot duopoly) are the Nash equilibrium and the Collusive Optimum, without any subsequent critical exam 
about these two kinds of solutions. The absence of any critical quantitative analysis is due to the relevant lack of knowledge 
regarding the set of all possible outcomes of this strategic interaction. On the contrary, by considering the Bertrand Duopoly 
as a differentiable game (games with differentiable payoff functions) and studying it by the new topological methodologies 
introduced by D. Carfì, we obtain an exhaustive and complete vision of the entire payoff space of the Bertrand game (this 
also in asymmetric cases with the help of computers) and this total view allows us to analyze critically the classic solutions 
and to find other ways of action to select Pareto strategies. In order to illustrate the application of this topological 
methodology to the considered infinite game, several compromise pricing-decisions are considered, and we show how the 
complete study gives a real extremely extended comprehension of the classic model. 

 
Keywords: duopoly, normal form games, microeconomic policy, complete study, bargaining solutions. 
 
JEL Classification: D7, C71, C72, C78 

 

1. Introduction 
We consider a duopoly (1, 2) with production fixed cost f and production variable cost a function v of the 

produced quantity, for both the producers; we shall assume the function v equal 0.  
The demand for enterprise 1 is the affine reaction function Q1, from the Euclidean plane of price bi-

strategies R2 into the real line of quantities to be produced R ï the demand Q1 (p) is the aggregate reaction of 
consumers in the market to the pair p of prices imposed by the two enterprises (see for a general theory of 
reactions (Carfi, and Ricciardello 2009), (Carfi 2009), (Carfi 2009), (Carfi, and Ricciardello 2011) - defined by: 

 

Q1(p) = b + a1p1 + a2p2    (1.1) 
 

that is by the equality 
 

Q1(p) = b + (a|p), (1.2) 
 

for every pair of prices p, where a is a pair of real numbers whose first component is negative and whose 
second component is positive, where b is a non-negative real and where (a|p) is the standard Euclidean scalar 
product of the two vectors a and p. 

The components of the pair p are determined by the two enterprises 1 and 2, respectively.  
The demand for the enterprise 2 is the function Q2 defined, in a perfectly analogous way as the first one, 

by 
Q2(p) = b + a1p2 + a2p1, that is (1.3)  
 

Q2(p) = b + (a-|p), (1.4) 
 

for every pair of prices p, where a-  is the symmetric pair of a. 

mailto:davidcarfi71@yahoo.it
mailto:e_perrone@alice.it


Theoretical and Practical Research in Economic Fields 

 

 

 
6 

The classic way to solve the duopoly (see for instance: Davide Vannoni, and Massimiliano Piacenza, 
University of Torino, Faculty of Economics, Appunti di Microeconomia - Corso C - Lezione 10, A. A. 2009/2010) 
is to determine the curves of best price reaction, for example, for enterprise 1, we consider the profit function P1 
defined by 

 

P1 (p1,q1) = p1q1 ï f  (1.5) 
 

that, on the reaction demand function Q1, assumes the form  

 

g1(p) = P1 (p1 ,Q1 (p)) = p1(b + a1p1 + a2p2) ï f, (1.6) 
 

for every price p2, fixed by the enterprise 2, the price of maximum profit for enterprise 1 must satisfy the 
following stationary condition  

 

D1(g1)(p) = b + 2a1p1 + a2p2 = 0. (1.7) 
 

We note that the second derivative of the function g1( . ,p2) is negative ( 2a1 < 0), hence the above 
stationary condition is not only necessary but also sufficient in order to obtain maxima, we so determine the 
classic reaction curve of enterprise 1, the line of equation 

 

p1 = b/(2a1) + p2a2/(2a1). (1.8) 
 

Symmetrically, the reaction curve of enterprise 2 is the line 
 

p2 = b/(2a1) + p1a2/(2a1). (1.9) 
 

Now, by the intersection of the two reaction curves, we obtain the fixed-point equation 
 

p1 = b/(2a1) + (b/(2a1) + p1a2/(2a1))a2/(2a1), (1.10) 
 

and so finally we obtain the equilibrium price of the enterprise 1, and the same of enterprise 2: 
 

p2 = p1 = - b/(2a1 + a2). (1.11) 
 

Another classic solution is the symmetric collusive point C = (c,c) determined by maximization of the 
function H defined by 

 

H(c) = P1 (c ,Q1 (c,c)) + P2 (c ,Q2 (c,c)) = 2c(b + (a1 + a2)c) ï 2f, (1.12) 
 

for every c. 
 
But also in this case, an accurate analysis of this point is impossible since we do not know the geometry 

of the payoff space. 
 

2. Formal Description of Bertrandõs Normal Form Game 
It will be a non-linear two - players gain game (f, >) (see also (6, Carfì 2009), (8, Carfì 2009), and (9, Carfì 

2009). The two players/enterprises shall be called Emil and Frances (following Aubinôs books (Aubin 1982) and 
(Aubin 1998). 

Assumption 1 (strategy sets). The two players produce and offer the same commodity at the following 
prices: ּס  ɸᴙÓ for Emil and ּף  ɸᴙÓ for Frances. In more precise terms: the payoff function f of the game is 

defined on a subset of the positive cone of the Cartesian plane ᴙ2, interpreted as a space of bi-prices. We 
assume (by simplicity) that the set of all strategies (of each player) is the interval E = [0, +Ð]. 

Assumption 2 (symmetry of the game). The game will be assumed symmetric with respect to the players. 
In other terms, the payoff pair f(x,y) is the symmetric of the pair f(y,x). 

Assumption 3 (form of demand functions). Let the demand function Q1 (defined on E2) of the first player be 
given by: 
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Q1(ּףּ,ס) = ּ(2.1) ,ףּ + ס2ּ - ל 
 

for every positive price pair (ּףּ ,ס) and let analogously the demand function of the second enterprise be 
given by 

 

Q2(ּףּ,ס) = ּ(2.2) ,סּ + ף2ּ - ל 
 

for every positive bi-strategy (ּףּ ,ס), where u is a positive constant (representing, obviously, the quantity 
Qi(0,0) demanded of good i, by the market, when both prices are fixed to be 0). 

 
Remark (about elasticity). The demandôs elasticity of the two functions with respect to the corresponding 

price is: 
 

e1(Q1)(ּףּ,ס) = Ö1Q1(ּףּ,ס)(ּס/Q1(ּףּ,ס)) = -(ףּ + ס2ּ - לּ)/ס2ּ, and (2.3)  
 

e2(Q2)(ּףּ,ס) = Ö2Q2(ּףּ,ס)(ּף/Q2(ּףּ,ס)) = -(2.4) ,(סּ + ף2ּ - לּ)/ף2ּ 
 

for every positive bi-strategy (ּףּ ,ס). 
 

Their values are negative, according to the economic law: produced quantities are decreasing with 
respect to their prices. So, if Emil (or Frances) increases his price, the consumersô demand will diminish. 

Assumption 4 (payoff functions). First playerôs profit function is defined, classically, by the revenue 
 

ä1(ּףּ,ס) = ּס Q1(ּףּ,ס) ï c = ּ(ףּ + ס2ּ - לּ)ס ï c, (2.5) 
 

for every positive bi-strategy (ּףּ ,ס). Symmetrically, for Frances, the profit function is defined by 
 

ä2(ּףּ,ס) = ּף Q2(ּףּ,ס) ï c = ּ(סּ + ף2ּ - לּ)ף ï c, (2.6) 
 

for every positive bi-strategy (ּףּ ,ס), where the positive constant c is the fixed cost. So we assume the 
variable cost to be 0 (this is not a great limitation for our example, since our interest is the interaction between 
the two players and the presence of the variable cost does not change our approach). 

 
The bi-gain function is so defined by 
 

ä(ּףּ,ס) = (ּ(סּ + ף2ּ - לּ)ףּ ,(ףּ + ס2ּ - לּ)ס) ï (c, c), (2.7) 
 

for every bi-strategy (ּףּ ,ס) of the game in the unbounded square E2. 
 

3. Study of the Bertrandõs Normal Form Game 
When the fixed cost is zero, we can assume that Emil and Frances have the compact strategy sets  
 

 (3.1) ,[לּ ,0] =  = 
 

indeed we have the following property. 
Property. A necessary condition in order to obtain both the quantities Qi(ּףּ,ס) positive is that the pair of 

prices (ּףּ,ס) lies in the square E2. 
Proof. The reader can easily prove the above interesting property, by imposing the positivity conditions for 

the affine functions Qi. § 
The improper Bertrand game. Besides, we will consider an extension of the Bertrand game with strategy 

spaces  =  = [-ּלּ ,ל], in order to obtain a wider vision of the game itself by enlarging the bi-strategy space. 
Payoff function to examine. When the fixed cost c is zero (this assumption determines only a ñreversibleò 

translation of the gain space), the bi-gain function ä from the compact square [0, ּל]2 into the bi-gain plane ᴙ2  

(respectively the function ä from the square [-ּלּ ,ל]2 into the same plane ᴙ2) is defined by: 
 



Theoretical and Practical Research in Economic Fields 

 

 

 
8 

ä(ּףּ,ס) = (ּ(סּ + ף2ּ - לּ)ףּ ,(ףּ + ס2ּ - לּ)ס), (3.2) 
 

for every bi-strategy (ּףּ ,ס) in the square S = [0, ּל]2 (respectively, in the square S = [-ּלּ ,ל]2 ) which is the 

convex envelope of its vertices, denoted by A, B, C, D starting from the origin (or from (- ּלּ ,ל)) and going 
anticlockwise. 

When the characteristic price ּל is 1, we will obtain the payoff vector function defined by 
 

ä(ּףּ,ס) = (ּ(סּ + ף2ּ - 1)ףּ ,(ףּ + ס2ּ - 1)ס), (3.3) 
 

on the strategy square  = [0, 1]2 (or  = [-1, 1]2). 
 
Now, we must find the critical space of the game and its image by the function ä, before representing 

ä(). For, we determine (as explained in (3, Carfi 2010), (6, Carfì 2009), (8, Carfì 2009), and (9, Carfì 2009) 

firstly the Jacobian matrix of the function ä at any point (ּףּ ,ס) - denoted by ä(ּףּ,ס). We will have, in vector 
form, the pair of gradients: 
 

ä(ּףּ,ס) = ((ּסּ ,1 + ס4ּ - ף), (ּ1 + סּ + ף4ּ - ,ף)), (3.4) 
 

and concerning the determinant of the above pair of vectors 
 

det ä(ּףּ,ס) = (-1 + סּ + ף4ּ)(ּ1 + ס4ּ - ף) ï ּ(3.5) .1 + ס3ּ- 2ס4ּ - ף3ּ - ףּס16ּ + 2ף4ּ- =   ףּס 
 

The Jacobian determinant is zero at those points (ּ1ףּ ,1ס) and (ּ2ףּ ,2ס) of the strategy square such that 
 

1סּ sqrt(192- = 1ףּ
 (3.6) ,3/8 - 1סּ 2 + 8/(25 + 1סּ 144 - 2

 

and 
 

2סּ sqrt(192 = 2ףּ
 (3.7) .3/8 - 2סּ 2 + 8/(25 + 2סּ 144 - 2

 

From a geometrical point of view, we will obtain two curves (Figure 1 with  = [0, 1]2 and Figure 2 with  = [-1, 
1]2); they represent the critical zone of Bertrand Game. 
 

 
 

Figure 1. Critical zone of Bertrand game 
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Figure 2. Critical zone of improper Bertrand game 
 

4. Transformation of the Strategy Space 
It is readily seen that the intersection points of the yellow curve with the boundary of the strategic square 

are the two points 
 

M = (-(sqrt(73) - 13)/8, 1) ,  K = - (1,0) 
 

Remark. The point M is the intersection point of the yellow curve with the segment [C, D], its abscissa µ 
verifies the non-negative condition and the following equation 

 

8 = sqrt(192µ2 ï 144µ + 25) + 16µ ï 3, (4.1) 
 

this abscissa is so 
 

µ = -(sqrt(73) - 13)/8 
 

(approximately equal to 0,557). 
 

We start from Figure 1, with  = [0, 1]2. The transformations of the bi-strategy square vertices and of the 
points H, K, M are the following: 

¶ Ä͂  = ä(A) = ä(0, 0) = (0, 0); 

¶ B̈͂  = ä(B) = ä(1, 0) = (-1, 0); 

¶ C̈͂  = ä(C) = ä(1, 1) = (0, 0); 

¶ D̈͂  = ä(D) = ä(0, 1) = (0, -1); 

¶ Ḧ͂  = ä(H) = ä(1/4, 0) = (1/8, 0); 

¶ K̈͂  = ä(K) = ä(0, 1/4) = (0, 1/8); 

¶ M̈͂  = ä(M) = ä(Õ, 1) = (2Õ - µ2/4, µ - 1) approximately equal to (0,494, -0,443); 

¶ L̈͂  = ä(L) = ä(1, Õ) = (Õ - 1, 2µ - µ 2/4) approximately equal to (-0,443, 0,4936). 
 

Starting from Figure 1, with  = [0, 1]2, we can do the transformation of its sides. 
Side [A, B]. Its parameterization is the function sending any point ּס  ɸ[0, 1] into the point (ּ0 ,ס); the 

transformation of this side can be obtained by transformation of its generic point (ּ0 ,ס), we have 
 

ä(ּ0 ,ס) = (ּ0 ,2ס2ּ - ס). (4.2) 
 

We obtain the segment with end points H ̈͂and D̈͂, with parametric equations 
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X = ּ2ס2ּ - ס and Y = 0, (4.3) 
 

with ּס in the unit interval. 
 
Side [B, C]. It is parametrized by: 

 

ɸ ףּ ,1 = סּ)  [0, 1]); 
 

the figure of the generic point is 
 

ä(1, ּף) = (ּף ï 1, -2ּף2ּ + 2ף). (4.4) 
 

We can obtain the parabola passing through the points C̈͂, L̈͂ , D̈͂  with parametric equations 
 

X = ּף ï 1 and Y = -2ּ(4.5) .ף2ּ + 2ף 
 

Side [C, D]. Its parameterization is: 
 

ɸ סּ)  ;(1 = ףּ ,[1 ,0] 
 

the transformation of its generic point is 
 

ä(ּ1 ,ס) = (-1 - סּ ,ס2ּ + 2ס2ּ). (4.6) 
 

We can obtain the parabola passing through the points B,̈͂ M̈͂, C̈͂  with parametric equations 
 

X = -2ּס2ּ + 2ס and Y = ּ(4.7) .1 - ס 
 

Side [D, A]. Its parameterization is 
 

ɸ ףּ ,0 = סּ)  [0, 1]); 
 

the transformation of its generic point is 
 

ä(0, ּף) = (2ף2ּ- ,0). (4.8) 
 

We obtain the segment [K̈͂, B̈͂ ] with parametric equations 
 

X = 0 and Y = -2ּ(4.9) ,2ף 
 

with ּף in the unit interval. 
Now, we find the transformation of the critical zone. The parameterization of the critical zone is defined by 

the equations 
 

1סsqrt(192ּ - = 1ףּ
 (3.6) 3/8 - 1ס2ּ + 8/(25 + 1ס144ּ - 2

 

and 
 

2סsqrt(192ּ = 2ףּ
 (3.7) .3/8 - 2ס2ּ + 8/(25 + 2ס144ּ - 2

 

The parametrization of the GREEN ZONE is 
 

ɸ סּ)  ;(1ףּ = ףּ ,[1 ,0] 
 

the transformation of its generic point is 
 

ä(ּ1ףּ,ס) = (ּ2ף2ּ - 1ףּ ,1ףּסּ + 2ס2ּ - ס
 (4.10) ,(1ףּסּ + 1
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a parametrization of the YELLOW ZONE is 
 

ɸ סּ)  ;(2ףּ = ףּ ,[1 ,0] 
 

the transformation of its generic point is 
 

ä(ּ2ףּ,ס) = (ּ2ף2ּ - 2ףּ ,2ףּסּ + 2ס2ּ - ס
 (4.11) .(2ףּסּ + 2

 

The transformation of the Green Zone has parametric equations 
 

X = ּ1ףּסּ + 2ס2ּ - ס and Y = ּ2ף2ּ - 1ף
 (4.12) ,1ףּסּ + 1

 

and the transformation of the Yellow Zone has parametric equations 
 

X = ּ2ףּסּ + 2ס2ּ - ס and Y = ּ2ף2ּ - 2ף
 (4.13) .2ףּסּ + 2

 

We have two colored curves in green and black (Figure 4.1), breaking by two points of discontinuity T and U 
obtained by resolving the following equation 
 

 (4.14) ;0 = 25 + ס144ּ - 2ס192ּ
 

the solutions of the above equation are 
 

 24, (4.15)/(sqrt(6) + 9) = 2סּ ,24/(sqrt(6) - 9) - = 1סּ
 

and then, replacing them in the parametrical equations of the critical zone, and putting 
 

 t = 9 + sqrt(6)  with  s = - sqrt(t2/3 - 6t + 25)/8   and   u = 9 - sqrt(6)  with  v = - sqrt(-6u + u2/3 + 25)/8 
 

we obtain: 
 

T1 = (t(s + t/12 - 3/8))/24 - t2/288 + t/24; 
 

T2 = -2(s + t/12 - 3/8)2 + s +(t(s + t/12 - 3/8))/24 + t/12 - 3/8, 
and,  

 

U1 = ((u/12 + v - 3/8)u)/24 + u/24 - u2/288; 
 

U2 = ((u/12 + v - 3/8)u)/24 + u/12 - 2(u/12 + v - 3/8)2 + v - 3/8. 
 

So, we obtain - approximately - the point 
 

T = (0,298,  0,185), 
 

and the point 
 

U = (0,171,  0,159). 
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Figure 3. Payoff space of Bertrand game 
 

Payoff space of the improper Bertrandôs game 
Starting from the Figure 2 with  = [-1, 1]2; the projections of bi-strategy squareôs points are the following: 

¶ Ä͂  = ä(A) = ä(-1, -1) = (-2, -2); 

¶ B̈͂  = ä(B) = ä(1, -1) = (-2, -4); 

¶ C̈͂  = ä(C) = ä(1, 1) = (0, 0); 

¶ D̈͂  = ä(D) = ä(-1, 1) = (-4, -2); 

¶ Ḧ͂  = ä(H) = ä(0, -1) = (0, -3); 

¶ K̈͂  = ä(K) = ä(-1, 0) = (-3, 0); 

¶ M̈͂  = ä(M) = ä(Õ, 1) = (2Õ - µ2/4, µ - 1)   approximately equal to (0,494, -0,443); 

¶ L̈͂  = ä(L) = ä(1, Õ) = (Õ - 1, 2µ - µ 2/4)   approximately equal to (-0,443, 0,4936). 
 

Starting from Figure 2 with  = [-1, 1]2, we can do the transformation of its sides. 
Side [A, B]. Its parametric form is 

 

ɸ סּ)  ;(1- = ףּ ,[1 ,1-] 
 

the transformation of its generic point is 
 

ä(ּ1- ,ס) = (-סּ- ,2ס2ּ ï 3). (4.16) 
 

We can obtain the parabola passing through the points A,̈͂ Ḧ͂ , B̈͂  with 
 

X = -2ּ2ס and ὣ = -ּס ï 3. (4.17) 
 

Side [B, C]. Its parameterization is 
 

ɸ ףּ ,1 = סּ)  [-1, 1]); 
 

the transformation of its generic point is 
 

ä(1, ּף) = (ּף2ּ + 2ף2ּ- ,1- ף). (4.18) 
 

We can obtain the parabola passing through the points B,̈͂ L̈͂ , C̈͂  with 
 

X = ּ1- ף and ὣ = -2ּ(4.19) .ף2ּ + 2ף 
 

Side [C, D]. Its parameterization is 
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ɸ סּ)  ;(1 = ףּ ,[1 ,1-] 
 

the transformation of its generic point is 
 

ä(ּ1 ,ס) = (-1 - סּ ,ס2ּ + 2ס2ּ). (4.20) 
 

We can obtain the parabola passing through the points C,̈͂ M̈͂, D̈͂  with parametric equations 
 

X = -2ּס2ּ + 2ס and ὣ = ּ(4.21) .1 - ס 
 

Side [D, A]. Its parameterization is 
 

ɸ ףּ ,1- = סּ)  [-1, 1]);  
 

the transformation of its generic point is 
 

ä(-1, ּף) = (-ּף ï 3, -2ּ2ף). (4.22) 
 

We can obtain the parabola passing through the points D,̈͂ K̈͂ , Ä͂  with parametric equations 
 

X = -ּף ï 3 and ὣ = -2ּ(4.23) .2ף 
 

For the transformation of the critical zone and the coordinates of the points of discontinuity please refer to the 
case  = [0, 1]2, we must remember only to widen the interval considered from ּףּ ,ס ɸ  [0, 1] to ּףּ ,ס ɸ  [-1, 1]. 
 

 

 
Figure 4. Payoff space of the improper Bertrand game 

 

5. Non-cooperative Friendly Phase 
Examining the Figure 3, in which  = [0, 1]2, we will note that the game has two shadow extremes, that is 

the shadow minimum ‌ = (-1, -1) and the shadow maximum ‍ = (1/2, 1/2). 
The Pareto minimal boundary of the payoff space ä() is showed in the Figure 5 by the union of two 

segments 
[Ä͂ , B̈͂ ] ᷾  [D̈͂ , Ä͂ ], and it is colored in orange. 
The Pareto maximal boundary of the payoff space ä() is the union of the two curve segments, on the 

transformations of the critical zone, with extreme points the pair of points (L,̈͂ T) and (T, M̈͂). They are colored in 
green and in black. Both Emil, and Frances do not control the Pareto maximal boundary; they could reach the 
point L' and M' of the boundary, but the solution is not many satisfactory for them. In fact, a player will suffer a 
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loss and the other one will have a small win. Examining the Figure 4, in which  = [-1, 1]2, we will note that the 
game has two shadow extremes, that is the shadow minimum 

 

‌ = (-4, -4) and the shadow maximum 
 

‍ = (1/2, 1/2). 
 

The Pareto minimal boundary ä() is showed in the Figure 6, it has only two points, the points D ̈͂and B̈͂; 
observe that the weak minimal Pareto boundary is formed by the points D,̈͂ Ä͂ , B̈͂  and that the curve colored in 
yellow is Pareto minimal in the ultra-weak sense, this means only that if we fix one of the coordinate, in the 
canonical Cartesian projections of this curve, the other coordinate reaches its minimum exactly on the yellow 
curve. For Pareto maximal boundary ä(), in the case  = [0, 1]2, is the union of the boundary curves with end-
points the pairs (L̈͂, T) and (T, M̈͂), respectively. 
 

 
 

Figure 5 Extrema of the Bertrand game 
 

 
 

Figure 6. Extrema of the improper Bertrand game 
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6. Properly non-cooperative (egoistic) Phase 
Now, we will consider the best reply correspondences between the two players Emil and Frances, in the 

cases  = [0, 1]2 and  = [-1, 1]2. 

If Frances sells the commodity at the price ּף, Emil, in order to reply rationally, should maximize his partial 
profit function 

 

ä1(Ā, ּף) : ּס m  (6.1) ,(ףּ + ס2ּ - 1)סּ 
 

on the compact interval [0, 1] or [-1, 1]. 
 
According to the Weierstrass theorem, there is at least one Emilôs strategy maximizing that partial profit 

function and, by Fermàt theorem, the Emilôs best reply strategy to Francesô strategy ּף is the only price 
 

B1(ּף) = ּ(6.2) .(1 + ףּ)(1/4) =: *ס 
 

Indeed, the partial derivative 
 

ä1(Ā, ּף)  (6.3) ,ףּ + 1 + ס4ּ- = (סּ)
 

is positive for ּסּ > ס* and negative for ּסּ < ס*. 
So, the Emilôs best reply correspondence is the function B1 from the interval [0, 1] into the interval [0,1], defined 
by 
 

m ףּ  (6.4) ,(1 + ףּ)(1/4) 
 

in the proper case, and B1 from [-1, 1] into [-1,1], defined by 
 

m ףּ  (6.5) ,(1 + ףּ)(1/4) 
 

in the improper one. 
 
As we already observe, our Bertrand game is a symmetric game, therefore the Francesô best reply 

correspondence is the function B2 from [0, 1] into [0,1], defined by 
 

m סּ  (6.6) ,(1 + סּ)(1/4) 
 

In the proper case, or the function B2 from [-1, 1] into [-1,1] defined by 
 

m סּ  (6.7) ,(1 + סּ)(1/4) 
 

in the improper one. 
 

The Nash equilibrium is the fixed point of the symmetric Cartesian product function B of the pair of two 
reaction functions (B2,B1) defined (canonically) from the Cartesian product of the domains into the Cartesian 
product of the co-domains (in inverse order), by  

 

B : (ּףּ ,ס) m  (B1(ּף), B2(ּס)), (6.8) 
 

that is the only bi-strategy (x,y) satisfying the below system of linear equations 
 

 (6.9) ,(1 + סּ)(1/4) = ףּ ,(1 + ףּ)(1/4) = סּ
 

that is the point N = (1/3, 1/3) - as we can see also from the two Figures 7 and  8 - which determines a bi-gain 
 

N̈͂  = (2/9, 2/9), 
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as Figures 8 and 10 will show. 
 

 
 

Figure 7. Nash Equilibrium of the proper game 
 

 
 

Figure 8. Nash equilibrium of the improper game 

 
The Nash equilibrium is not completely satisfactory, because it is not a Pareto optimal bi-strategy, but it 

represents the only properly non-cooperative game solution. 
Remark (demand elasticity at Nash equilibrium). Concerning the Nash equilibrium, we can also calculate 

the demandôs elasticity with respect to the corresponding price. At first, we must remember the two demand 
functions, and then we obtain 

 

e1(Q1)(ּףּ,ס) = Ö1Q1(ּףּ,ס)(ּס/Q1(ּףּ,ס)) = (-(ףּ + ס2ּ - לּ)/ס2ּ), (6.10) 
 

and 
 

e2(Q2)(ּףּ,ס) = Ö2Q2(ּףּ,ס)(ּף/Q2(ּףּ,ס)) = (-(סּ + ף2ּ - לּ)/ף2ּ)   (6.11) 
 

Then, we have 
 

e1(Q1)(ὔ) = Ö1Q1(N)((1/3)/Q1(ּףּ,ס)) = (-(2/3)/(1 ï (2/3) + (1/3))) = -1  (6.12) 
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and 
 

e2(Q2)(ὔ) = Ö2Q2(N)((1/3)/Q2(ּףּ,ס)) = (-(2/3)/(1 ï (2/3) + (1/3))) = -1  (6.13) 
 

So we can deduce that: 
at the non-cooperative equilibrium N, since 
 

|e1(Q1)(ὔ)| = 1 and |e2(Q2)(ὔ)| = 1, (6.14) 
 

the demands will be elastic with respect to the prices; therefore if the price increases of one unit, demand will 
reduce of one unit too. 
 

 
 

Figure 9. Payoff at Nash equilibrium of the proper Bertrand game 
 

 
 

Figure 10. Payoff at Nash equilibrium of the improper game 
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7. Defensive and Offensive Phase 
 
Playersô conservative values are obtained through their worst gain functions. 
Worst gain functions. On the square  = [0, 1]2, Emilôs worst gain function is defined by 

 

ä#1(ּס) = infּף ɸ  (7.1) ,2ס2ּ - סּ = (ףּ + ס2ּ - 1)סּ  
 

its maximum will be 
 

v#
1 = supּס ɸ   (ä#1(ּס)) = supּס ɸ  (7.2) ,1/8 = (2ס2ּ - סּ)  

 

attained at the conservative strategy ּ1/4 = #ס. 
 
Symmetrically, Francesô worst gain function is defined by 
 

ä#2(ּף) = ּ(7.3) ,2ף2ּ - ף 
 

its maximum will be v#
2 = 1/8 attained at the unique conservative strategy ּ1/4 = #ף. 

Conservative bi-value. The conservative bi-value is 
 

v# = (v#1, v#
2) = (1/8, 1/8). 

 

The worst offensive multifunctions are determined by the study of the worst gain functions. 
The Francesô worst offensive reaction multifunction 2 is defined by 2(ּס) = 0, for every Emilôs strategy ּס; 
indeed, fixed an Emilôs strategy ּס the Francesô strategy 0 minimizes the partial profit function ä1(ּס, .). 

Symmetrically, the Emilôs worst offensive correspondence versus Frances is defined by 1(ּף) = 0, for every 
Francesô strategy ּף. 

The dominant offensive strategy is 0 for both players. Indeed the offensive correspondences are constant. 
The offensive equilibrium A = (0,0) bring to the payoff A֔  = (0, 0), in which the profit is zero for both 

players. 
The core of the payoff space (in the sense introduced by J.P. Aubin) is the part of the Pareto maximal 

boundary contained in the cone of upper bounds of the conservative bi-value v#; the conservative bi-value gives 
us a bound for the choice of cooperative bi-strategies. 

Conservative phase of the Extended Bertrand game 
If the strategy space is the extended square  = [-1, 1]2, Emilôs worst gain function is defined by 
 

ä#1(ּס) = infּף ɸ  (7.4) ,2ס2ּ-  = (ףּ + ס2ּ - 1)סּ  
 

its maximum will be 
 

v#
1 = supּס ɸ   (ä#1(ּס)) = supּס ɸ  (7.5) ,0 = (2ס2ּ-)  

 

attained at the conservative strategy ּ0 = #ס. 
Symmetrically, Francesô worst gain function is defined by 
 

ä#2(ּף) = -(7.6) ,2ף2ּ 
 

its maximum will be v#
2 = 0, attained at the conservative point ּ0 = #ף. 

The conservative bivalue in the improper case is 
 

v# = (v#1, v#
2) = (0, 0). 

 

The worst offensive multifunctions can be determined by the study of the worst gain functions. 
For every strategy Emil could choose, he has the minimum gain when Frances sells his commodity at the price -
1. This result is unusual from an economic point of view, but it can make sense in a short period deep 
competition. 
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Then Francesô worst offensive multifunction is defined by 2(ּס) = -1, for every Emilôs strategy ּס; symmetrically, 
we obtain 1(ּף) = -1, for every Francesô strategy ּף. 
The dominant offensive strategy is -1 for both players, and the offensive (dominant) equilibrium A = (-1, -1) brings 
to the point Ä͂  = (-2, -2), in which a severe loss is registered for both players. 
The conservative knot of the game is the point (0, 0), whose image is the point (0, 0), which coincides with the 
point C֔ . 

The core of the payoff space is the part of Pareto maximal boundary contained into the cone of upper 
bounds of the conservative bi-value v#; this bounds the choice of cooperative bi-strategies. 
 

8. Cooperative Phase  
When there is an agreement between the two players, the best compromise solution (in the sense 

introduced by J.P. Aubin) is the pair of strategies (1/2, 1/2), showed graphically in the Figures 11 and 12. This 
compromise bi-strategy determines the bi-gain (1/4, 1/4). 

 
 

Figure 11. Conservative study 
 

 
 

Figure 11. The core and the Kalai-Smorodinsky payoff of the proper game 
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Besides, the best compromise solution coincides with the core best compromise, with the Nash 
bargaining solution, with the bi-strategy with closest bi-gain to the shadow maximum and with the Kalai-
Smorodinsky bargaining solution. It coincides also with the transferable utility solution which is the unique Pareto 
strategy that maximizes the aggregate utility function f1 + f2, this can be easily viewed by geometric evidences 
considering on the payoff universe the levels of that aggregate function, which are affine lines parallel to the 
vector (1,-1). 

Selection of Pareto solutions. The Nash equilibrium can help in the selection of Pareto solutions (Figures 
13 and 14). Indeed, if Emil and Frances decide to cooperate their possible choices will lead to those points of 
Pareto boundary which are also upper bounds of the Nash Equilibrium, in order to obtain a compromise solution 
strictly better than the non-cooperative one. 

 

 
 

Figure 12. Conservative exam of the improper Bertrand game 
 

 

 
 

Figure 13. The Core of the improper Bertrand game 
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Figure 14. Compromise solutions of Bertrand game 
 

 
 

Figure 16. Compromise solutions of improper Bertrand game 
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Abstract 

The crisis within the euro area has become frequent during 2010. First was the Greek economy to face a default 
problem of its sovreign debt, in November it was Ireland who has been in a serious financial situation at the verge of 
collapse causing difficulties to the euro. In this contribution we focus on the Greek crisis and we suggest, through a model of 
competition based on game theory and conceived at a macro level, feasible solutions in a cooperative perspective for the 
divergent interests which drive the economic policies in Germany and Greece, with the aim of improving the position of 
Greece, Germany and the whole euro area, also making a contribution to expand the set of macroeconomic policy tools. 

By means of our general analytical framework of competition, we show the strategies that could bring to feasible 
solutions in a cooperative perspective for Germany and Greece, where these feasible solutions aim at offering a win-win 
outcome for both countries, letting them to share the pie fairly within a growth path represented by a non-zero sum game. A 
remarkable analytical result of our work consists in the determination of the win-win solution by a new selection method on 
the transferable utility Pareto boundary of the competitive game. 

 
Keywords: European Monetary Union, competitive games, macroeconomic policy, bargaining solutions 
 
JEL Classification: F40, E6, D7, C71, C72, C78 

 

1. Introduction1 
In the present work we analyze the crisis in the euro area and we suggest, through a model of coopetition 

based on game theory and conceived at a macro level, feasible solutions in a cooperative perspective for the 
divergent interests which drive the economic policies in Germany and Greece, with the object of improving the 
position of Greece, Germany and the whole euro area. Our model is also aimed at making a contribution to 
expand the set of macroeconomic policy tools. 

The work is organized as follows: the first section examines the general topic of the crisis in the euro area 
focusing on the Greek crisis and concentrating on the real aspects of the crisis. The second section suggests a 
possible way out to reduce the intra-euro zone imbalances through a new macroeconomic tool based on 
coopetitive solutions within a growth path. The third section introduces a game theory framework of coopetition. 
The fourth section provides two specific and original models of coopetitive games applied to the euro zone 
context and shows their solutions. Conclusions end up the paper. 

 

2. The Euro and the Crisis 
The crisis within the euro area has become frequent during 2010. First was the Greek economy to face a 

default problem of its sovereign debt last spring, in November it was Ireland who has been in a serious financial 
situation at the verge of collapse, due mainly to poor quality bank regulation, causing difficulties to the euro. So 
the euro zone Governments and international institutions are continually trying to solve these problems that 
create instability and jeopardize the very existence of European Monetary Union. Many of the countries of the 
European Monetary Union have accumulated large budget deficit to GDP ratios in 2009, which are in turn 

                                                 
1 Sections 1 and 2 of this paper are written by D. Schilirò, sections 3 and 4 are written by D. Carfì, the Introduction 

and Conclusions have been drawn by the two authors. We wish to thank Giambattista Dagnino, Davide Provenzano, and 
Albert E. Steenge for their helpful comments and suggestions. We wish also to thank Samantha Pellegrino for the practical 
realization of figures. 
 

mailto:davidcarfi71@yahoo.it
mailto:schi.unime@katamail.com
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caused by the global crisis that since 2008 developed itself in the United States for then spreading around the 
world. 

The global crisis has inevitably burdened the public debt of countries such as Greece, Ireland, Portugal, 
Spain and even Italy, which have found difficult to finance their debt in the financial markets, creating a problem 
of instability and cohesion of the European Monetary Union. But this is only one aspect of the crisis, the other 
one, related to the former, is the recession hitting the EMU economies, which are suffering of high 
unemployment, slowing down of production, difficulties in exporting, further crisis of the welfare state. 

In this contribution we focus on the Greek crisis, we know that EMU Governments and IMF agreed to 
provide Greece with enough financing to cover its refinancing needs for three years, while the Greek government 
commits to an additional tough austerity program. We also know that Germany is the country of the euro area 
which has a large trade surplus with Greece and other euro partners, hence strong trade imbalances occur within 
the euro zone economy. 

Germany is the country who has profited most from the euro since the start of the European Monetary 
Union, according to Adam Posen (2010). Because the benefits received from the German economy have been 
possible thanks to a cooperative economic system, the main purpose of our paper is to explore win-win solutions 
for Greece and Germany, involving improvements in domestic demand in Germany. 

We do not analyze the causes of the financial crisis in Greece and its relevant political and institutional 
effects on the European Monetary Union. Rather we focus on some crucial aspects of the Greek economy, with 
their implications on the euro area. Specifically we concentrate on stability and growth, which should drive the 
economic policy of Greece, Germany and the other euro countries. 

The deep financial crisis of Greece, which was almost causing the default of its sovereign debt, 
determining also financial instability in the European markets and the devaluation of the euro, has revealed the 
weaknesses of Greek economy. This crisis has also showed the contradictions that have been characterized the 
EMU and the euro since their start2. 

Furthermore, EMU is featured by the presence of two countries, Germany and France, which have a 
major and increasing political and economic role. 

Greece is a country with a total population of 11 million and it represents 2,6% of the euro zoneôs GDP. 
This country adopted the euro in 2001 and then interest rates fell to near German levels, the lowest in the euro 
area, fueling consumer spending and house prices. Since joining EMU, Greece has lost competitiveness and, 
because of that, Greekôs unit labor cost rose 34 percent from 2000 to 2009. Thus, Greece relied on state 
spending to drive growth. With the outbreak of the crisis, debt in Greece has surged as in the other countries, but 
in 2009 Greece recorded a deficit/GDP ratio of 13.6%, one of the highest of the euro zone economies. This has 
created deep concerns about its fiscal sustainability. 

Greece has also accumulated a huge debt of about 310 billion Euros, thus its financial exposition 
prevents the Greek government to find capital in the financial markets. The country, therefore, has become at 
risk of sovereign default. In the meantime the other EMU countries, after a period of uncertainty which raises the 
cost of the bailout, have decided to help Greece financially also with the support of IMF3. This financial 
contribution is likely to be given until 2012 and it will be very substantial4. But tough austerity conditions are 
requested in return for the emergency loans, which are to be paid with interest rates below the market rates, the 
Greek Government is required to take courageous and specific actions that will lastingly and credibly consolidate 
the public budget5. The EMU-IMF package also includes measures to enhance competition in many sectors 
which are still protected; thus the country is expected to reduce its budget deficit from 13.6 per cent of gross 
domestic product to below 3 per cent by 2014. 

                                                 
2 One feature of the institutional setting of the European Monetary Union is the Stability and Growth Pact that guards 

against the emergence of public deficits and debt, but actually there isnôt a true and effective mechanism of enforcement in 
the Pact. Therefore the budget policy in each country of the euro zone is not under control. Yet the European Commission 
has, just after the Greek crisis, proposed tougher rules to enforce fiscal discipline in the euro zone and to set up a 
permanent crisis management mechanism to prevent sovereign debt disasters. 

3 An agreement has been reached on May, 2nd, between the Euro group, the IMF and the Greek Government. 
4 The total sum given to Greece in three years should be of 110 billion Euros. 
5 First, to recover from the budget disequilibrium, Greece is expected to improve the primary balance of 10 percent 

of GDP over the next three years (This is a heavy task, but other economies like Latvia and Hungary have succeeded in the 
recent past with the help and the assistance of the IMF and EU). Moreover, the package includes measures to reduce the 
size of Greeceôs public sector, cuts in public sector salaries and pensions, a rise in value added tax and other tax increases. 
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However, although a restrictive fiscal policy and budget austerity are necessarily implemented by the 
Greek Government, they could be insufficient for Greece to overcome its crisis. The austerity measures are likely 
to hit hard the Greek economy, since its growth is expected to be negative this year and the next year, making 
the financial recovery even more problematic6. Furthermore, exports are much less than imports, so the trade 
balance shows a deficit around 10%. Therefore, the focus of economic policy of Greece should be on its 
productive system and growth must become the major goal for the Greek economy. This surely would help its re 
equilibrium process. 

On the other hand, Germany is considered the soundest European economy. First of all, it accounts for 
about one-third of the euro zone economy. Secondly, it is the worldôs second biggest exporter, but its wide 
commercial surplus is originated mainly by the exports in the euro area, that accounts for about two thirds. 
Furthermore, since 2000 its export share has gradually increased vis-à-vis industrial countries. Thirdly, its 
government has not allowed itself the extraordinary budget deficits that are threatening economies like Ireland, 
Italy, Greece, Portugal and Spain. Despite these positive records, the contribution of domestic demand to real 
GDP from 1999 onwards in Germany has been weak. It is clear, from such a context, that the Germanyôs growth 
path has been driven by exports. We do not discuss in this work the factors explaining Germanyôs increase in 
export share, but we observe that its international competitiveness has been improving, with the unit labor cost 
which has been kept fairly constant, since wages have essentially kept pace with productivity. Therefore the 
prices of the German products have been relatively cheap, favoring the export of German goods towards the 
euro countries and towards the markets around the world, especially those of the emerging economies (China, 
India, Brazil, and Russia). Finally, just during 2010 Germany has recovered very well from the 2008-2009 global 
crisis and is growing at a higher rate than the others euro partners. 

Thus, we share the view that Germany (and the other surplus countries of the euro area, i.e. Netherlands) 
should contribute to overcome the crisis of the EMU economies and of Greece in particular stimulating its 
domestic demand and relying less on exports towards the euro area. 

Germany, as Adam Posen (2010) underlined (Abadi 2010), has benefited from being the anchor economy 
for the euro zone over the last 11 years. In fact, it enjoyed a wider and deep range of trade in the euro currency 
than it had under the Dutch Mark. For instance, in 2009, during a time of global contraction, Germany has been a 
beneficiary, being able to run a sustained trade surplus with its European neighbors. Germany exported, in 
particular, 6.7 billion Euros worth of goods to Greece, but imported only 1.8 billion Euros worth in return. 

Clearly a policy which aims at growth in Greece, Germany and the whole euro area is very important, 
especially if we take a medium-long term perspective and if we consider that the rate of unemployment in the 
euro area has reached 10.1%7, the highest rate in almost 12 years8. 

We believe that a policy that aims at adjusting budget and trade imbalances and looks at improving the 
growth path of the real economy in the medium and long term in Greece is the only possible one to assure a 
stable re-balancing of the Greek economy and to contribute to the stability of the euro area. As we have already 
argued, German modest wage increases and weak domestic demand favored the export of German goods 
towards the euro countries. This is why Posen, as reported by Business Week on March 31, 2010, said that 
Germany should boost domestic demand and increase wages to ease the lopsided euro-region trade flows that 
restrict growth in economies like Greece and Portugal. Therefore he suggests a ñwin-win solutionò9 for the EMU 
countries, which entails that Germany, which still represents the leading economy, should stimulate domestic 
demand, increase wages in its own country, so that to make its own people better off, and thereby ease some of 
the pressure on the southern countries of the euro area. In Posenôs proposal there is a clear suggestion to 

                                                 
6 This view, of course, is not shared by the economists who believe that fiscal adjustments not always cause 

recessions (Giavazzi, Pagano 1990, Von Hagen, Strauch 2001, Alesina, Adagna 2009). 
7 Source: Euro stat. The figure refers to April 2010. 
8 Another aspect to highlight is that despite the new huge rescue plan of 750 billion Euros supported by the EU and 

IMF to avoid the contagion of the Greek crisis to the other EMU countries, the recent turmoil in the financial markets and the 
consequent weakening of the euro seem to confirm the poorly optimistic expectations of the financial markets on the future 
of the Greek economy. Investors are looking for a credible plan that indicated public finances in Greece but also in whole 
euro area could be kept at a sustainable level. In this context, the view is that a partial debt restructuring by the Greek 
government might become a sensible and realistic solution. 

9 A win-win solution is the outcome of a game which is designed in a way that all participants can profit from it in one 
way or the other. In conflict resolution a win-win strategy is a process that aims to accommodate all disputants. 
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Germany to re-balance its trade surplus. Of course, we are aware that this is a mere hypothesis10. Although 
Germany has been pursuing a strategy of competitiveness based on investments in technology and R&D on the 
one hand, on industrial relations which are featured by cooperative behaviors between labor and capital on the 
other, since 2003. We believe that this cooperative attitude, which is a hallmark of German capitalism, can be 
also taken with respect to its euro partners and the Greece in particular. Thus we pursue our hypothesis and 
suggest a game theory coopetitive model as an innovative instrument to analyze possible solutions to obtain a 
win-win outcome for Greece and Germany, which would also help the whole EMU economy. 

Giving that Greece must fulfill the conditions of the agreement signed with the euro zone Governments 
and the IMF for their financial help and, for this reason, it must implement a fiscal policy of government budget 
consolidations, with current spending cuts and tax increases, to reduce its public and private debt, these 
changes in current variables (taxes, incentives, provision of public services) would probably also change the 
expectations about future fiscal policy11. In our view, Greece must keep its wages and salaries under control and, 
at the same time, focus on investments and exports as the two main strategic variables to improve the structure 
of production and to shift the aggregate demand towards a higher growth path. However, aiming at exports for a 
country like Greece that has a low ñextra euro areaò export share on GDP (about 4%) does not mean to rely on 
the external demand, for instance through the devaluation of the euro, rather to follow an appropriate medium 
term strategy. In this medium term strategy, Greece should focus on innovative investments, especially 
investments in knowledge (Schilirò 2010b), to change and improve its production structure and to increase its 
production capacity and its productivity, which is made possible by the structural change process. As a result of 
that its competitiveness will raise. An economic policy that focuses on investments and exports, instead of 
consumptions, will address Greece towards a sustainable growth and, consequently, its financial reputation and 
stability will get improved. 

 

2.  A New Tool for Macroeconomic Policy: Coopetitive Solutions for the Greek Crisis 
The idea which is driving our model to face the Greek crisis is based on a notion of coopetition where the 

cooperative aspect will prevail. Thus we are not talking about a situation in which Germany and Greece are 
competing in the same European market for the same products, rather we are assuming a situation in which 
Germany stimulates its domestic demand and, in doing so, will create a larger market for products from abroad, 
but also we are envisaging the case in which Germany purchases a greater quantity of Greek products, in this 
case Greece increases its exports, selling more products in Germany. The final results will be that Greece will 
find in a better position, but also Germany will get an economic advantage determined by the higher growth in 
the two countries and, finally, because it will prevail a greater stability within the EMU system. Therefore we 
provide, in the present work, a new set of tools based on the notion of coopetition that could be fruitful for the 
setting of the Greek policy issues. 

The concept of coopetition has been devised following different theoretical approaches. Essentially the 
literature on coopetitive games has a microeconomic origin and has an important point of reference in the 
seminal paper of Brandenburger, and Nalebuff (1995) who studied the strategic behavior of firms applying some 
basic notion of game theory and elaborated their theoretical original concept of coopetition within a competitive 
environment. Brandenburger, and Nalebuff suggest the term coopetition (a situation in which the firm must 
cooperate and compete at the same time) to indicate a situation in which the firm thinks about both cooperative 
and competitive ways to change the game (1995, p.59).13 Another approach to coopetition represents the 
synthesis between the competitive paradigm (Porter 1985) and the cooperative paradigm (Gulati, Nohria, Zaheer 
2000), a sort of integrative framework between the two, like that offered by Padula, and Dagnino (2007), who 
define coopetition as the intrusion of competitive elements into a cooperative environment, because of the 
partially divergent interests among the partners. Thus coopetition is a complex construct and it is the result of the 
interplay between competition and cooperation. 

                                                 
10 After the Greek crisis, because of the turmoil in the financial markets, the German government has decided to 

take austerity fiscal measures, which consists of a seven years plan of government budget consolidations of 70 billion Euros 
(10 billion Euros for each year), based mainly on structural spending cuts to welfare payments and reduction in the public 
sector. This plan, however, will also favor investment in education and research to improve Germanyôs capacity to compete 
at a global level. 

11 Regarding the indirect positive effect on aggregate demand see authors Hellwig, and Neumann (1987) that merge 
the Keynesian view and the expectations view or ñGerman viewò on budget cutting. See also Giavazzi, Pagano (1990). 
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Our model of coopetition is closer to the approach that regards coopetition as a complex construct rooted in a 
cooperative environment. Thus we suggest a model of coopetitive games, applied at a macroeconomic level, 
which intends to offer possible solutions to the partially divergent interests of Germany and Greece in a 
perspective of a cooperative attitude that should drive their policies. Another important goal of the model is to 
provide a new tool of macroeconomic policy for the crisis in the euro area, thus enriching the toolbox of economic 
policy. 
 
3. The General Definition of Coopetitive Game 

In this section we provide an original recent definition of coopetitive game, which we shall use, in the next 
section, to build up two economic models feasible to represent the interaction of the two EMU countries, 
Germany and Greece. The two above coopetitive models will show possible new solutions reasonable in a 
particular coopetitive context, defined by the set of strategy profiles at disposal of the two countries and by a set 
of possible convenient ex ante agreements. This suggested analytical framework enables us to widen the set of 
possible solutions from a purely competitive into a coopetitive context and moreover it allows ñto share the pie 
fairlyò in a win-win scenario. At the same time, it permits to examine the range of possible economic outcomes 
along a coopetitive dynamic path. Finally, we propose a rational way to limit the space within which the 
coopetitive solutions can be determined. 

Remark:. The basic original definition we propose and apply of coopetitive game is that introduced in 
2010 by D. Carfì in (Carfì 2010), and [Baglieri, Carfì, and Dagnino 2010.]; the method that we shall use to study 
the payoff space of a normal form game can be found in (8. Carfì 2010), and (12, Carfì, Ricciardello 2010.); the 
complete study of a normal form game is presented and applied in (7, Carfì 2009), (9, Carfì 2009), and (10, Carfì 
2009); for a general definition and basic properties of Pareto boundaries see (6, Carfì 2008). 

Definition (of coopetitive game):  Let E, F and C be three nonempty sets. We define two person 
coopetitive gain game carried by the strategic triple (E, F, C) any pair of the form G = (f, >), where f is a function 

from the Cartesian product E ³ F ³ C into the real Cartesian plane R2 and > is the usual strict upper order of the 
Cartesian plane, defined, for every couple of points p, q, by p > q if and only if pi > qi, for each index i. 

Remark:  The difference among a two person normal-form gain game and a two person coopetitive gain 
game is simply the presence of the third strategy Cartesian factor C. 

Terminology and notation: Let G = (f, >) be a two person coopetitive gain game carried by the strategic 
triple (E, F, C). We will use the following terminologies: 

Á the function f is called the payoff function of the game G; 
Á the first component f1 of the payoff function f is called the payoff function of the first player and 

analogously the second component f2 is called the payoff function of the second player; 
Á the set E is said the strategy set of the first player, the set F the strategy set of the second player; 
Á the set C is said the cooperative strategy set of the two players; 

Á the Cartesian product E ³ F ³ C is called the coopetitive strategy space of the game G. 
 

Memento. The first component f1 of the payoff function f of a coopetitive game G is the function of the 
strategy space of the game G into the real line defined by f1(x,y,z) = pr1(f(x,y,z)), where pr1 is the usual first 
projection of the Cartesian plane; analogously we proceed for the second component f2. 

Strategic interpretation. We have two players, each of them has a strategy set in which to choose his own 
strategy; moreover, the two players can cooperatively choose a strategy z in a third set C. The two players will 
choose their cooperative strategy z to maximize (in some sense) the gain function f. 

Bargaining solutions of a coopetitive game. The payoff function of a two player coopetitive game is (as in 
the case of normal-form game) a vector valued function with values belonging to the Cartesian plane R2; so that 
we should consider the maximal Pareto boundary of the payoff space im(f) as an appropriate zone for the 
bargaining solutions (by im(f) we denote the image of the function f). 

The family of normal form games associated with a coopetitive game. For any cooperative strategy z, 
selected in the cooperative strategy space C, there is a corresponding normal form game 

 

Gz = (fz, >)           (1) 
 

upon the strategy pair (E, F) and with payoff function the section 
 

1. f(. , z) : E ³ F ­ R2,         (2) 
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of the payoff function f of the coopetitive game, where the section of f is defined, as usual, on the 

competitive strategy space E ³ F by 
 

f(., z)(x) = f(x, z),          (3) 
 

for every bi-strategy x in the bi-strategy space E ³ F. 
 

General solution: The two players should choose the cooperative strategy z in order that, for instance: 
Á the Nash equilibrium of Gz are ñbetterò than the Nash equilibrium in each other game Gzô; 
Á the supremum of Gz is greater than the supremum of any other game Gzô; 
Á the Pareto maximal boundary of Gz is ñhigherò than that of any other game Gzô; 
Á the Nash bargaining solution is better in Gz than that in Gzô; 
and so on, fixed a common standard kind of solution for any game Gz, say S(z) the set of these kind of 

solutions, we can consider the problem to find the optimal solutions in set valued path S, defined on the 
cooperative strategy set C. 

 
We note the fundamental circumstance that in general the above criteria are multi-criteria and so they 

generate multi-criteria optimization problems. 
Let us formalize the concept of game-family associated with a coopetitive game. 
Definition (the family of normal form games associated with a coopetitive game). Let G = (f, >) be a two 

players coopetitive gain game carried by the strategic set triple (E, F, C). We call family of normal-form games 
associated with the coopetitive game G the family of normal form games 

 

G = (Gz)zÍC,          (4) 
 

which we will denote by the symbol G, having, for any cooperative strategy z selected in the cooperative 
strategy space C, as z-member the normal form game 

 

Gz = (fz, >),          (5) 
 

upon the strategy pair (E, F), with payoff function the section 
 

f(. , z) : E ³ F ­ R2,         (6) 
 

of the payoff function f of the coopetitive game G. 
 
Applicative remark. It is clear that with any family of normal form games 

 

G = (Gz)zÍC          (7) 
 

we can associate 
- a family of payoff spaces 
 

(im(fz))zÍC,           (8) 
 

- a family of Pareto maximal boundary 
 

(bd*Gz)zÍC;           (9) 
 

- a family of suprema 
 

(sup Gz)zÍC;          (10) 
 

and so on. 

And we can interpret any of the above families as set-valued paths in the strategy space E ³ F. 
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It is just the study of these induced set-valued paths of solutions which becomes of great interest in the 
study of a coopetitive game G. 

 

4. Two Models of Coopetitive Games 
 
In our analysis, Germany is the first exporting country among the EMU countries, which has also 

experienced a weak domestic demand due to a modest wage increases. Thus our hypothesis is to stimulate 
Germanyôs domestic demand and to re-balance its trade surplus in favor of Greece. 

On the other hand, Greece is the country that showed a high and rising public debt, which determined its 
sovereign debt at risk of default. Given that Greece must pursue a budget austerity program externally imposed 
by the euro area Governments and by IMF in exchange of their financial help, this country has anyway 
experienced a declining competitiveness of its products. Therefore our hypothesis is that Greece aims at growth 
by undertaking innovative investments and by increasing its exports primarily towards Germany and also towards 
the other euro countries12. 

The coopetitive models that we propose hereunder must be interpreted as normative models, in the sense 
that they will show the more appropriate solutions of a win-win strategy chosen within a cooperative perspective. 

The main variables of the two models are: 
Á strategies x of Germany (the consumptions of Germany), which directly influence only Germany pay-off; 
Á strategies y of Greece (the investments of Greece) which increase only Greece pay-off function;  
Á a shared strategy z which is determined ex ante together by the two countries, Germany and Greece (z 

is a given amount of Greek exports imported by Germany).  
Therefore, in the two models we assume that Germany and Greece define the set of coopetitive 

strategies. 
 

4.1 First Coopetitive Model 
Main Strategic Assumptions.  
We assume that a real number x, in the unit interval U = [0,1], is the consumption of Germany and a real 

number y, in the same unit interval U, is the investment of Greece, moreover a real number z, again in the unit 
interval U, is the amount of Greek exports which is imported by Germany. 

We also consider as payoff function of Germany its domestic demand, that we represent in our model as 
the algebraic sum of the two strategies x and z, and also of the exports of Germany as a reaction function with 
respect to its domestic consumption. 
 

4.1.1 Payoff Function of Germany 

We assume that the payoff function of Germany is the function g of the unit square U ³ U into the real line 
R, defined by 

 

g(x, z) = x + (x + 1) -1 ï z,         (12) 
 

for every pair (x,z) in the square U ³ U; where the reaction function E, of U into the real line, defined by 
 

E(x) = 1/(x+1),          (13) 
 

for every consumption x of Germany in U, is the export of Germany corresponding to the level x of 
consumption. The reaction function E is a decreasing function, randomly chosen, and within certain limits, this 
choice does not diminish the generality of the model. 
 

4.1.2 Payoff Function of Greece 
We consider as payoff function of Greece the algebraic sum of the economic strategies y and z and of two 

linear reaction functions M and N. 

We assume that the payoff function of Greece is the function e of the square U ³ U into the real line, 
defined by 

                                                 
12 The potential benefit coming from a better trade balance can also contribute to ease the government budget 

constraint and improve its public debt. 
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e(y, z) = y + z + my + nz = (1+m) y + (1+n) z ,       (14) 
 

for every pair (y, z) in the Cartesian square U ³ U, where m and n are two real numbers strictly greater 
than 1. We note that the function e does not depend upon the strategy x chosen by Germany and that e is a 
linear function. 

Reaction function M. The term my represents the quantitative effect of investments on the exports. In fact, 
the investments, especially innovative investments, contribute at improving the competitiveness of Greek goods, 
favoring the exports. 

Reaction function N. The term nz is the cross-effect of the coopetitive variable z that represents the 
additive level of investment required to support the production of z. 

 

4.1.3 Payoff Function of the Game 
We so have built up a gain game with payoff function given by:  
 

p(x,y,z) = (x + 1/(x+1) - z, (1+m) y + z) =  
 = (x + 1/(x+1), (1+m) y) + z (-1,1+n),        (15) 
 

with x,y,z in the unit interval [0,1]. 
 

4.1.4 Study of the game G = (p, >) 
Note that, fixed a cooperative strategy z in the unit interval U, the normal form game G(z) = (p(z), >) with 

payoff function p(z), defined on the square U2 by 
 

p(z)(x, y) = p(x, y, z),         (16) 
 

is the translation of the game G(0) by the vector 
 

v(z) = z(-1,1+n),          (17) 
 

so that we can study the game G(0) and then we can translate the various informations of the game G(0) 
by the vector v(z).  

 

4.1.5 Study of the game G(0) 
So let us consider the game G(0). Let the strategic square S = U2 be with vertices A, B, C, D, where A is 

the origin (0,0), B is the first canonical vector (1,0), C = (1,1), the sum of the two canonical vectors, and D be the 
second canonical vector (0,1). 

The transformation of the side [A, B] is the trace of the parametric curve c defined by 
 

c(x) = p(x,0,0) = (x + (x+1) -1, 0),        (18) 
 

that is the segment 
 

[Aô, Bô] = [(1,0), (3/2,0)]         (19) 
 

The transformation of the segment [A, D] is the trace of the curve c defined by 
 

c(y) = p(0,y,0) = (1, (1+m) y),         (20) 
 

that is the segment 
 

[Aô, Dô] = [(1,0), (1,1+m)]         (21) 
 

The transformation of the segment [B, C] is the trace of the curve c defined by 
 

c(y) = p(1, y ,0) = (1 + 1/2, (1 + m) y),        (22) 
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that is the segment 
 

[Bô, Cô] = [(3/2,0), (3/2,1 + m)]        (23) 
 

So that the payoff space of the game G(0) is the rectangle with vertices Aô, Bô, Cô, Dô. 
 

 
 

Figure 1. The payoff space of the initial game G(0) 
 

Remark: it is easily seen that the critical zone of the game is irrelevant (in this case) to determine the 

payoff space of the game. 
 

4.1.6 Payoff space of the coopetitive game G 
The image of the payoff function p, is the union of the family of payoff spaces 
 

(im p(z))z ,           (24) 
 

that is the convex envelope of the of the four points Aô, Bô, Cô, Dô and of their translations by the vector 
 

v(1) = (-1,1+n)          (25) 
 

The Pareto maximal boundary of the payoff space f(S) is the segment  
 

[Pô, Qô],           (26) 
 

where Pô = Cô and 
 

Qô = Cô + v(1) = (3/2, 1+m) + (-1, 1+n) = (1/2, 2 + m + n)      (27) 
 

It is important to note that the absolute slope of the coopetitive Pareto boundary is the absolute slope of 
the vector (-1,1+ n), that is the real number 

 

Ab-slope (-1,1 + n) = 1 + n,         (28) 
 

this real number is strictly greater than 1 since the factor n is strictly positive. 
 
In the following figure we see the payoff space of the coopetitive game G as the trace of the path of payoff 

spaces corresponding to the path of normal form games G. This path of payoff spaces is nothing but a path of 
translations of a rectangle, namely the payoff space of the ñinitialò game G(0). 
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Figure 2. The payoff space of the coopetitive game G 
 

Thus the collective payoff function 
 

g + e 
 

of the game is not constant on the coopetitive Pareto boundary and, therefore, the game implies 
possibility of growth, because the minimum value of the aggregate payoff g + e is attained exactly at the 
supremum of the game G(0). 

 

4.1.7 Compromise solutions and the coopetitive compromise 
The Nash bargaining solution and the Kalai-Smorodinsky bargaining solution, with respect to the infimum 

of the Pareto boundary, coincide with the medium point of the segment [Pô, Qô]13. 
Transferable utility solution. In this coopetitive context it is more convenient to adopt a transferable utility 

solution: indeed the point of maximum collective gain is the point 
 

Qô = (1/2, 2 + m + n),         (29) 
that is the supremum of the game G(1). 
Thus we have to propose a new kind of coopetitive compromise solution to ñshare the pie fairlyò. 
We proceed as it follows (in the case m = 0): 
First, we consider the coopetitive rectangle R having: 
a) two sides on the straight lines of equations 
 

Y = 1 and Y = 2 + n;         (30) 
 

b) two vertices in (1/2, 1) and (1/2, 2 + n); 
c) the diagonal on the straight line S of equation 
 

Y + X = 2.5 + n          (31) 
 

                                                 
13 The classic Kalai-Smorodinsky solution that we applied in both models coincides with the solution on the 

coopetitive Nash path; this result allows us to provide a construct of coopetition which is only ñweaklyò cooperative, in the 
sense that it not necessary to cooperate at every stage of the decision process. 
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Figure 3. The coopetitive bargaining rectangle 
 

Second, we consider the segment Sô of vertices (3/2,1) (supremum of the game G(0)) and the supremum 
of  the rectangle R, the point (3/2+n,2+n), this segment is the set  

 

Sô = (3/2,1) + (n,1+n)[0,1]         (32) 
 

Third, our best payoff coopetitive compromise K is the intersection of the two segments S and Sô. 
This compromise payoff K represents a win-win solution with respect to the initial supremum (3/2,1), since 

K is a payoff strongly greater than the initial supremum 
 

Cô = supG(0)          (33) 
 

 
 

Figure 4. Coopetitive compromise K 
 

Remark: in some way, the choices of the coopetitive bargaining interval (rectangle) and of the coopetitive 
solution are the only reasonable. Indeed: 

1) the constraint where we should search for a bargaining solution is the transferable utility Pareto 
boundary (segment of the line with equation Y + X = 2.5 + n determined by the positive cone of the 
plane); 

2) the possible bargaining Greeceôs outcomes should belong to the interval [1, 2+n], with end-points the 
minimum and maximum value of the Greeceôs payoff function in the coopetitive game; 
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3) points 2 and 3 determine the coopetitive bargaining rectangle; 
4) the solution we propose is nothing but a best compromise solution with utopia point the supremum of 

this rectangle and threat point the maximum of the initial game G(0). 
 

4.2 Second Coopetitive Model 
Let us consider now that a fraction ax of Germany consumption comes from consumption of Greek goods, 

apart from the given amount of Greek exports that Germany has already determined through an ex ante 
agreement with Greece (z). 

 

Payoff function of Greece 
 

e(x,y,z) = by + z + ax         (34) 
 

Payoff function of the game 
 

p(x,y,z)  = (x + 1/(x+1) - z, ax+by + cz) = (x + 1/(x+1), ax+ by) + z (-1, c)    (35) 
 

with a, x,y,z in [0,1] and b,c>1. 
 
Similarly to the previous coopetitive model, but through a more complex procedure, we deduce that the 

Pareto boundary of the new coopetitive game G = (p, >) ï in the payoff space - is the above segment [Pô, Qô] 
translated by the vector (0,a). 

The Nash bargaining solution and the Kalai-Smorodinsky bargaining solution, with respect to the infimum 
of the Pareto boundary, coincide with the medium point of the segment 

 

[Pô, Qô] + (0,a),          (36) 
 

which is the optimum of the game G1/2. 
 
Analogously the coopetitive compromise solution of this new game is the that of the first model translated 

by the vector (0,a). 
 

5. Conclusions 
This contribution has tried to provide, through a game theory model of coopetition, feasible solutions in a 

cooperative perspective to the problems of Greek economy after its crisis. In particular, it has focused on stability 
and growth as the primary goals, which should drive Greece and Germany economic policy with their positive 
effects on the whole euro area. 

The idea underlying the present work was that of contributing to expand the set of macroeconomic policy 
tools available to face the economic crisis in Greece, and more generally in the European Monetary Union, 
where a cooperative attitude should prevail. 

In this work we have underlined two aspects which emerged from the crisis. First, the necessity of 
government budget consolidation of Greece and second the opportunity to re-balance the trade surplus of 
Germany with respect to Greece (and also with respect to the other euro countries that have a deficit trade 
balance). 

By means of two coopetitive models derived by an original general analytical framework of coopetition, we 
have showed the strategies that could bring to feasible solutions in a cooperative perspective for Germany and 
Greece, where these feasible solutions aim at offering a win-win outcome for both countries, letting them to 
share the pie fairly within a growth path represented by a non-zero sum game. In fact, our analytical results allow 
us to find a ñfairò amount of Greek exports which Germany must import, in order to re-balance the trade surplus 
of Germany, as well as the investments necessary to improve the Greek economy, thus contributing to growth 
and to the stability of the Greek economy and, indirectly, of the whole European Monetary Union. 

Finally, a remarkable analytical result of our work consists in the determination of the win-win solution by 
a new selection method on the transferable utility Pareto boundary of the coopetitive game. 
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Abstract 
This document presents several Credit Risk tools which have been developed for the Credit Derivatives Risk 

Management. The models used in this context are suitable for the pricing, sensitivity/scenario analysis and the derivation of 
risk measures for plain vanilla credit default swaps (CDS), standardized and bespoke collateralized debt obligations (CDO) 
and, in general, for any credit risk exposed A/L portfolio.\newline{}. In this brief work we compute the market implied 
probability of default (PD) from market spreads and the theoretical CDS spreads from historical default frequencies. The loss 
given default (LGD) probability distribution has been constructed for a large pool portfolio of credit obligations exploiting a 
single-factor Gaussian copula with a direct convolution algorithm computed at several default correlation parameters. 
Theoretical CDO tranche prices have been calculated. We finally design stochastic cash-flow stream model simulations to 
test fair pricing, compute credit value at risk (CV@R) and to evaluate the one year total future potential exposure (FPE) and 
derive the value at risk (V@R) for a CDO equity tranche exposure. 
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default, stochastic cash-flow stream model, credit value at risk, future potential exposure, Monte Carlo 
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1. Introduction 
This brief note presents several applications of credit risk tools developed for the credit derivatives risk 

management. 
The main ingredients are the PD of each single credit-risk bearing exposure, whose hazard rate are 

estimated with two different methods, and the LGD probability distribution which is constructed via a direct 
method of calculation. The derivatives considered here synthetically embody the net exposures for different 
credit operations between two or more counter-parties. The CDS spread represents the fair payment for the 
stripped risk held by the creditor on a single counter-party's obligation which pays a LIBOR plus cash flow up to 
maturity. The risk-neutral spread and/or upfront paid on a CDO tranche is the expected present value of the 
capital loss stood by the tier \QTR{em}{x} capital layer of a financial entity whose asset side is composed by a 
pool of credits\newline{}. The main risk components can be suitably adapted to the internal rating-based 
approach (IRB) to credit risk in order to include specific methods of estimation of the PD term structure, the LGD 
distribution and the EAD computation. Because of their structure and purposes at the cost of light modifications, 
the credit derivative algorithms developed so far can be exploited for the evaluation of the credit valuation 
adjustment (CVA) and the estimation of the Economic Capital for any credit risk exposed A/L portfolio. 

The structure of each section is very concise and the formulas presented in this work certainly imply 
broader specifications which have been kept aside to leave the treatment fluent and bring the focus on the 
results. The organization of this work is as follows. Section 2 presents the main risk components, i.e.\ the market 
credit spreads and PD; an algorithm for switching from one to another is depicted. Section 3 expands the risk 
components with the development of the LGD distribution function and presenting the pricing function for a 
generic collateralized debt obligation. Section 4 incorporates previously developed credit risk tools to provide 
fairly general credit risk measures, which are the credit adjusted V@R and the FPE distribution. 

 

2. CDS Spreads and Probability of Default 
In this section an algorithm for estimating the PD from market spreads is presented. On the other hand, 

given a PD term structure or a hazard rate function, theoretical CDS spreads can be calculated. 
Assuming non-stochastic recovery rate R and continuous compounding regime, the fair-valuation CDS 

spread on maturity T is the sT such that 
 

      (1) 
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Where  - is the survival probabilities function  and  is the discounting factor at tenor 

 implied in the term structure of the interest rate swaps.  
The pricing formula (1) states that the expected present value of the total cash-flow stream equals the 

expected present loss for the derivative exposure, i.e., the exposure at default until the maturity of the swap 
contract. 

In order to estimate the market implied default probabilities from the set of market credit default swaps 

 at current time 0, a procedure of forward induction pivoting on (1) has been constructed.  

The Figure 1 shows the market CDS spreads available on 22/06/2006 which has been interpolated at 
ISDA compliant cash-flow dates. The sample is provided by the Mark-it price data for the CDX.NA.HY series 6 
index excluding two items, namely the Charter Comms Holdings and the Tembec Industrials, because of their 
extreme values in the available sample data.  

 
 

Figure 1. Market-it spreads on 22/06/2006 of the CDX.NA.HY series 6 basket components 

 
The companion Figure 2 depicts the (adjusted) implied default probabilities of the CDS market sample. 

 
 

Figure 2. Implied probability of defaults of the Market-it spreads on 22/06/2006  
of the CDX.NA.HY series 6 basket components 

 
The Table 1 presents the Moody's estimated default frequencies (EDF) within the period 1983-1999. 

Assuming survival probability functions with constant hazard rate matching the 5 year EDF (Figure 1), the 
equation (1) has been employed to construct implied theoretical CDS spreads term structures for each rating 
class on 03/12/2010 (Figure 2). 
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Table 1. Moodyôs Estimated Default Frequency over different annual horizons 
 

Rating 1 2 3 4 5 6 7 8 

Aaa 0.00% 0.00% 0.00% 0.06% 0.20% 0.28% 0.37% 0.48% 

Aa1 0.00% 0.00% 0.00% 0.23% 0.23% 0.39% 0.39% 0.39% 

Aa2 0.00% 0.00% 0.06% 0.20% 0.45% 0.55% 0.66% 0.79% 

Aa3 0.07% 0.10% 0.19% 0.29% 0.41% 0.55% 0.55% 0.55% 

A1 0.00% 0.03% 0.33% 0.52% 0.66% 0.82% 0.89% 0.97% 

A2 0.00% 0.03% 0.14% 0.39% 0.60% 0.79% 0.91% 1.24% 

A3 0.00% 0.13% 0.25% 0.34% 0.40% 0.53% 0.78% 0.88% 

Baa1 0.04% 0.26% 0.52% 0.90% 1.28% 1.55% 2.00% 2.27% 

Baa2 0.07% 0.33% 0.60% 1.18% 1.80% 2.45% 2.79% 2.93% 

Baa3 0.31% 0.81% 1.34% 2.15% 2.84% 3.82% 4.73% 5.66% 

Ba1 0.62% 2.13% 3.86% 6.30% 8.49% 10.69% 12.19% 13.67% 

Ba2 0.53% 2.58% 5.05% 7.32% 9.16% 10.51% 11.86% 12.76% 

Ba3 2.52% 6.96% 11.89% 16.47% 20.98% 25.05% 28.71% 32.61% 

B1 3.46% 9.29% 14.81% 19.63% 24.48% 29.79% 34.85% 38.35% 

B2 6.88% 13.95% 20.28% 24.84% 28.45% 31.16% 32.57% 34.39% 

B3 12.23% 20.71% 27.27% 32.53% 37.54% 40.66% 43.95% 47.84% 

Caa1-C 19.09% 28.37% 34.23% 40.07% 43.37% 47.73% 47.73% 51.33% 

Investment-Grade 0.04% 0.15% 0.33% 0.59% 0.82% 1.08% 1.27% 1.46% 

Speculative-Grade 3.68% 8.26% 12.66% 16.56% 20.17% 23.38% 26.17% 28.73% 

All Corporates 1.20% 2.65% 4.01% 5.22% 6.28% 7.19% 7.92% 8.57% 

 

3. LGD Distribution and CDO Tranche Pricing 
In this section we present the algorithm for the estimation of the LGD distribution. Assuming a latent 

factors default correlation structure, the probability distribution function of the LGD of a credit basket portfolio can 
be computed as the convolution of the conditional PD of each single exposure weighted with the probability 
structure of the latent factors. Synthetically: 

 

      (2) 
 

where  is the (conditional) PD of the  asset. The  have been constructed by mapping a 

Gaussian copula onto the estimated credit event probabilities. 
 
In the Figure 3 we compute the LGD distribution for a large pool portfolio of credits ranging from Aaa to 

Caa1-C with equal weights on 03/12/2010 along a five year horizon terminating on 20/12/2015. 
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Figure 3. PD with constant hazard rate matching the 5 years PD of the Moody's 

Credit ratings from Aaa to Caa1-C 

 

 
 

Figure 4. PD implied theoretical spreads. The PD are obtained constructing constant hazard rate survival probability 
functions matching the 5 years PD of the Moody's credit ratings from Aaa to Caa1-C 

 

 
 


